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ABSTRACT 
Hypotheses 
Quantitative molecular-thermodynamic theory of the growth of giant wormlike micelles in 
mixed nonionic surfactant solutions can be developed on the basis of a generalized model, 
which includes the classical “phase separation” and “mass action” models as special cases. 
The generalized model describes spherocylindrical micelles, which are simultaneously 
multicomponent and polydisperse in size.  
Theory 
The model is based on explicit analytical expressions for the four components of the free 
energy of mixed nonionic micelles: interfacial-tension, headgroup-steric, chain-conformation 
components and free energy of mixing. The radii of the cylindrical part and the spherical 
endcaps, as well as the chemical composition of the endcaps, are determined by minimization 
of the free energy. 
Findings 
In the case of multicomponent micelles, an additional term appears in the expression for the 
micelle growth parameter (scission free energy), which takes into account the fact that the 
micelle endcaps and cylindrical part have different compositions. The model accurately 
predicts the mean mass aggregation number of wormlike micelles in mixed nonionic 
surfactant solutions without using any adjustable parameters. The endcaps are enriched in the 
surfactant with smaller packing parameter that is better accommodated in regions of higher 
mean surface curvature. The model can be further extended to mixed solutions of nonionic, 
ionic and zwitterionic surfactants used in personal-care and house-hold detergency. 
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micelles; Micelle scission energy.  
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1. Introduction 
 In the theory of micelle growth, two basic models have been developed, viz. the “phase 
separation” and “mass action” models [1-5]. The phase separation model is dealing with 
multicomponent but monodisperse micelles [4-11], whereas the mass action model describes 
polydisperse but single-component micelles [1-3, 12-21].  
 Experimentally, formation of large micellar aggregates is most frequently observed in 
mixed surfactant solutions, in which the micelles are simultaneously multicomponent and 
polydisperse in size [22-26]. Upon variation of solution’s composition, peaks in viscosity 
have been often observed [27-31], which can be explained with the synergistic growth of 
giant entangled wormlike micelles and their transformations into disklike or multiconnected 
(branched) aggregates [32-37]. The prediction and control of micelle growth and 
formulation’s viscosity are issues of primary importance for various practical applications 
[38-41]. 
 Theoretically, molecular thermodynamic theories of micelle growth in mixed surfactant 
solutions were developed in studies by Ben-Shaul et al. [42-45], Nagarajan and Ruckenstein 
[46-48], and Blankschtein et al. [49-51]. In particular, on the basis of thermodynamic analysis 
of curvature effects, Gelbart et al. [42] were the first who pointed out that the compositions of 
the cylindrical part and the endcaps of a mixed spherocylindrical micelle (Fig. 1) should be, in 
general, different. Agreement between theory and experiment was achieved mostly with 
respect to the prediction of the critical micellization concentration. However, the quantitative 
prediction of the mean aggregation number of wormlike micelles and its dependence on 
micelle composition, temperature, surfactant chainlength, etc., remained a difficult problem; 
see Ref. [52], where a comprehensive review on wormlike micelles was recently published. 
Here, we focus our attention on the subject of the present article – achievement of agreement 
between theory and experiment with respect to the size of mixed wormlike micelles.  
 
 
 
 
 
 
 
Fig. 1. Schematic presentation of a two-component spherocylindrical surfactant aggregate –
wormlike (rodlike) micelle; Rc and Rs are the radii of the cylindrical part and the spherical 
endcaps. 
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 To understand the difficulty of the aforementioned problem, let us consider the 
expression for the concentration dependence of the micelle mass average aggregation number 
[13,21,46,52]: 
o 1/2
S S sc[ ( )] , expMn K X X K E    (1.1) 
where XS is the total molar fraction of surfactant in the aqueous solution; oSX  is related to the 
intercept of the plot of 2Mn  vs. XS, and Esc = lnK is the micelle growth parameter. Eq. (1.1) is 
applicable to both single-component and multicomponent micelles (see Section 2).  
 For single-component spherocylindrical micelles, Esc can be expressed in the form 
[13,21,46,52]: 
sc s s c B( ) / ( )E n f f k T   (1.2) 
where ns is the total aggregation number of the two micelle endcaps (with shapes of truncated 
spheres); fs and fc are the free energies per molecule in the endcaps and in the cylindrical part 
of the micelle, respectively; kB is the Boltzmann constant, and T is the temperature. In other 
words, EsckBT is the excess free energy of the molecules in the spherical endcaps relative to 
the free energy of the same molecules if they were in the cylindrical part of the micelle. 
EsckBT represents also the micelle scission free energy, because the scission of a long 
wormlike micelle results in the appearance of two new endcaps [53]. Note that in the Cates' 
theory [32], the scission free energy is generally related to the average micellar length.  
 The enthalpy and entropy components of Esc have been determined by small-angle 
neutron scattering (SANS) and NMR measurements [54]. Theoretically, Esc was estimated 
using a potential of mean force [53], which was applied to simulations using the coarse 
grained dissipative particle dynamics (DPD) method [55]. In principle, the knowledge of the 
scission energy Esc is important also for kinetic models of relaxation of wormlike micelles 
[56,57] and for the rheological modelling of viscoelastic solutions containing giant micelles 
[32]. 
 In Eqs. (1.1) and (1.2), typically Esc varies in the range 15–30 kBT units (see Section 2), 
K – in the range 106–1013, ns – in the range 60–120, and s cf f  varies in the range 0.125–0.50 
kBT. Hence, an inaccuracy of the order of 0.1 kBT in the calculation of s cf f  would be 
strongly amplified when multiplied by (the relatively large) ns and then put in the argument of 
an exponential function to estimate K and nM; see Eqs. (1.1) and (1.2). In other words, the 
difference s cf f  must be very accurately predicted by the theory in order to achieve a 
quantitative agreement with the experiment. 
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 In Ref. [52], we developed a quantitative molecular-thermodynamic theory of Esc for 
single-component nonionic wormlike micelles. Analytical expression for Esc was derived, 
which presents Esc as a sum of three free-energy components related to interfacial tension, 
headgroup steric repulsion and chain conformations. The theory was verified against 
experimental data for the aggregation number nM of wormlike micelles from polyoxyethylene 
alkyl ethers, CnEm. The unknown temperature dependence of the excluded area per 
polyoxyethylene headgroup, a0(T), was determined from fits of experimental data with the 
theory. The agreement between theory and experiment was manifested through the fact that 
the values of a0(T) determined from independent sets of data for CnEm surfactants with the 
same headgroup (but different chainlengths) collapsed on the same master curve.  
 As a next step toward a quantitative theory of wormlike micelles in mixed surfactant 
solutions, in Ref. [58] we extended the mean-field approach to the micelle chain-
conformation free energy [52,59] to the case of two surfactants of different chainlengths. The 
derived analytical expressions for the chain-conformation components of fc and fs imply that 
the mixing of chains with different lengths in the micellar core is always nonideal and 
synergistic, and promotes micellization and micelle growth.  
 The goal of the present study is to extend the quantitative molecular-thermodynamic 
theory from Refs. [52,58] to the case of mixed nonionic wormlike micelles and to compare 
the theoretical predictions with experimental data. For this goal, in Section 2 we systematize 
available experimental data for binary mixtures of nonionic CnEm surfactants to obtain values 
of Esc at different temperatures and micelle compositions. Next, in Section 3 the molecular 
thermodynamics of solutions containing multicomponent and polydisperse micelles is 
presented. In Section 4, the general thermodynamics is applied to the case of mixed 
spherocylindrical (wormlike) micelles (Fig. 1). It is shown that in the case of mixed micelles, 
Eq. (1.2) for Esc contains an additional term, which takes into account the fact that the micelle 
endcaps and the cylindrical part have different compositions. Section 5 is dedicated to the 
molecular aspects of the model – the analytical expressions for the four components of 
micelle free energy are generalized to the case of mixed micelles. Section 6 describes the 
procedure for numerical minimization of the analytical expression for free energy of a 
spherocylindrical micelle and numerical results are reported. Finally, Section 7 is dedicated to 
the comparison of theory and experiment for mixed wormlike micelles of nonionic 
surfactants. A serious challenge to the developed theory is that all physical parameters are 
known, so that there are no adjustable parameters. The theory takes this test successfully: 
excellent agreement with the experimental data is obtained without using any adjustable 
parameters.   
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2. Systematization of experimental data for binary mixtures of nonionic surfactants 
 Systematic light-scattering data for the growth of wormlike micelles in binary mixed 
solutions of nonionic surfactants, polyoxyethylene alkyl ethers, CnEm, at different 
temperatures have been published by Imanishi and Einaga [24]. Experimental results have 
been obtained for mixed solutions of two surfactants (i) with the same alkyl chain, C14E5 and 
C14E7, and (ii) with the same polyoxyethylene chain, C14E5 and C10E5. From the weight 
average molar mass of the micellar aggregates, Mw, determined by static light scattering [24], 
we calculated the micelle mass average aggregation number, nM = w /M M , where, M  =
1 1 2 2M y M y  is the mean molar mass of the surfactant molecules; M1 and M2 are their molar 
masses; y1 and y2 are their molar fractions in the binary mixture (y1 + y2 = 1). The molar 
masses of the investigated surfactant molecules are MC10E5 = 378.55 g/mol; MC14E5 = 434.65 
g/mol, and MC14E7 = 522.76 g/mol. 
 As seen in Figs. 2 and 3, the data for nM from Ref. [24] are in excellent agreement with 
Eq. (1.1). The different panels correspond to different input weight fractions of C14E5 in the 
binary surfactant mixture,  
1 2
, 1,2jj
m
w j
m m
   (2.1) 
where m1 and m2 are the masses of the two surfactants in the solution. Each straight line in 
Figs. 2 and 3 corresponds to a fixed temperature denoted in the figure. The data indicate that 
nM increases with the rise of both XS and T. The effect of T can be explained with dehydration 
of the polyoxyethylene chains with the rise of temperature, which leads to enhanced 
intersegment attraction and compaction of the surfactant headgroups [52,60]. At the highest 
studied total surfactant concentrations, nM varies between ca. 2700 (for T = 20 °C in Fig. 2a) 
to ca. 130,000 (for T = 27 °C in Fig. 3c); in most cases, nM ~ 104.  
 Table 1 summarizes the values of the dimensionless energy Esc (in kBT units) 
determined from the slopes of the experimental curves in Figs. 2 and 3 in accordance with 
Eq. (1.1). The values of Esc at wC14E5 = 0 and 100 % are obtained from analogous plots in Ref. 
[52]. In Section 7, the values of Esc in Table 1 are used to test the theoretical model. 
 In the case of C14E5 + C14E7 (the same alkyl chains) at fixed T, both Esc and nM increase 
with the rise of wC14E5, i.e. with the increase of the weight fraction of the surfactant with 
smaller headgroups. For example, at T = 25 °C, we have Esc = 17.0, 22.5, 25.2 and 27.6 at 
wC14E5 = 0, 25.1, 50 and 75 %, respectively. This fact is related to the circumstance that the 
decrease of the average area per headgroup with the rise of wC14E5 favors the formation of 
bigger micelles of lower mean surface curvature. 
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Fig. 2. Plots of the experimental micelle mean mass aggregation number, nM, vs. 
o 1/2
S S( )X X  in accordance with Eq. (1.1) for mixed micelles of C14E5 and C14E7 at various 
temperatures and at three different weight fractions of C14E5: (a) wC14E5 = 25.1 %; (b) wC14E5 = 
50 %, and (c) wC14E5 = 75 %. XS is the total surfactant molar fraction in the aqueous solution; 
o
SX  is a constant parameter – see the text.   
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Fig. 3. Plots of the experimental micelle mean mass aggregation number, nM, vs. 
o 1/2
S S( )X X  in accordance with Eq. (1.1) for mixed micelles of C14E5 and C10E5 at various 
temperatures and at three different weight fractions of C14E5: (a) wC14E5 = 24.7 %; (b) wC14E5 = 
50 %, and (c) wC14E5 = 75.8 %. XS is the total surfactant molar fraction in the aqueous 
solution; oSX  is a constant parameter – see the text.   
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Table 1. Micelle growth parameter (scission free energy in kBT units), Esc, for wormlike 
micelles in mixed solutions of C14E5 + C14E7 and C14E5 + C10E5 at different temperatures and 
weight fractions, wC14E5. 
wC14E5 [%] T [°C] Esc wC14E5 [%] T [°C] Esc 
C14E5 + C14E7 C14E5 + C10E5 
0.0 25 17.0 0.0 25 17.6 
0.0 30 18.5 0.0 30 18.6 
0.0 35 20.5 0.0 35 19.3 
0.0 40 22.2 0.0 40 20.3 
0.0 45 23.5 0.0 42 20.7 
0.0 50 24.5 24.7 15 18.5 
0.0 55 25.1 24.7 20 18.8 
25.1 20 21.4 24.7 25 20.0 
25.1 25 22.5 24.7 30 21.9 
25.1 30 23.3 24.7 35 22.7 
25.1 35 24.0 50.0 15 18.5 
25.1 40 24.9 50.0 20 19.8 
25.1 45 26.1 50.0 25 21.1 
50.0 20 24.6 50.0 30 22.3 
50.0 25 25.2 50.0 35 23.3 
50.0 30 26.2 75.8 15 25.0 
50.0 35 27.2 75.8 20 25.5 
50.0 38 28.5 75.8 25 29.0 
75.0 15 26.3 100 15 27.8 
75.0 20 27.0 100 20 28.4 
75.0 25 27.6 – – – 
 
 In the case of C14E5 and C10E5 (the same headgroups) at fixed T, both Esc and nM 
increase with the rise of the weight fraction, wC14E5, of the surfactant with longer alkyl chain. 
For example, at T = 25 °C, we have Esc = 17.6, 20.0, 21.1 and 29.0 at wC14E5 = 0, 24.7, 50 and 
75.8 %, respectively. This behavior is related to the circumstance that the rise of wC14E5 causes 
increase of the volume of the micelle hydrocarbon core, which leads to the formation of 
bigger micelles.  
 In Refs. [24,61], values of the free energy parameter g2 are reported. This parameter is 
related to the dimensionless excess free energy Esc by the equation: 
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2
sc
B
lng E M
k T
   (2.2) 
where M  = M1y1 + M2y2 (g/mol) is the mean molar mass of the surfactant molecules. The 
values of g2 are with about 6–7 kBT smaller than those of Esc. 
 Our goal in the rest of this paper is to develop a quantitative theoretical model that 
predicts the values of Esc and nM for mixed micelles from nonionic surfactants. 
 
3. Molecular thermodynamics of mixed micellar solutions 
3.1. Free energy of a multicomponent micellar surfactant solution 
 The free energy of a mixed solution of m surfactants, which contains micellar 
aggregates, can be presented in the form: 
W W 1, 1,
1 1
( , , )
m
j j k k k
j k
G N g N g N g N s
 
    k  (3.1) 
Here, NW is the number of solvent (e.g., water) molecules and gW is the free energy per 
solvent molecule; N1,j is the number of molecules of jth surfactant in the form of free 
monomers and g1,j is the free energy per monomer; Nk is the number of micelles of 
aggregation number k, and gk is the free energy of such micellar aggregate. For brevity, k 
denotes the composition of a micelle that consists of k surfactant molecules: 
1 2 1 2( , ,..., ), ...m mk k k k k k k    k  (3.2) 
where kj denotes the number of molecules from the jth component in the respective micelle; m 
is the number of surface-active components. It is assumed that micelles of different 
aggregation number k could have different composition 1 2( , ,..., )mk k k , but the micelles with 
the same k have the same composition. Finally, the argument s in Eq. (3.1) denotes that gk 
depends on parameters, which characterize the shape of the micellar aggregate. For example, 
in the case of a cylindrical aggregate this is the radius of cylinder, Rc; in the case of a 
spherical endcap (Fig. 1) this is the endcap radius, Rs. 
 In Eq. (3.1) we have neglected the contribution from the interaction between the 
micellar aggregates in G. The established good agreement between the theory based on 
Eq. (3.1) and the experiment (Section 7) indicates that this approximation is reasonable in a 
wide range of concentrations.  
 10
 Taking into account contributions from the entropy of mixing, we can present the free 
energies per molecule/aggregate in the form: 
o
W W W B B W( ) ln( )g N k T k T X    (3.3) 
o
1, 1, 1, B B 1,( ) ln( ),   1,  2, ..., j j j jg N k T k T X j m     (3.4) 
o
B B( , , ) ( , ) ln( )  for  1k k k kg N s g s k T k T X k   k k  (3.5) 
where oW  and o1, j  are molecular standard chemical potentials; o ( , )kg sk  is the standard free 
energy of a micellar aggregate composed of k monomers, and the mole fractions are defined 
as follows: 
1,W
W 1,
W S W S W S
, ,     j kj k
NN NX X X
N N N N N N
      (3.6) 
NS = NS,1 + NS,2 + … + NS,m (3.7) 
NS,j is the number of surfactant molecules from the jth component in the solution, and NS is 
the total number of surfactant molecules.  
 The molecules of each surfactant component are distributed in a certain way between 
the aggregates of different size in the micellar solution. The mass conservation demands that 
their total number, NS,j, must be constant:  
S, 1,
1
j j j k
k
N N k N

   (3.8) 
In our subsequent analysis, we will use also the following definitions: 
S
1 1, S 1
1 1W S
= , +
m
j k
j k
NX X X X kX
N N 
    (3.9) 
X1 is the total molar fraction of the free surfactant monomers and XS is the total molar fraction 
of the input surfactant.  
3.2. Minimization of the free energy 
 To find the equilibrium concentrations of all surfactant monomers and micellar 
aggregates in the solution, as well as the composition of the micelles, we have to minimize the 
free energy of the system with respect to the following variables: N1,j (j = 1, … , m); k1, k2, …, 
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km, and Nk (k >1). At that, the constraints defined by Eqs. (3.2) and (3.8) have to be satisfied. 
For this reason, the Lagrange function, which has to be minimized, is: 
L W W 1, 1, S, 1,
1 1 1 1 1 1
( , ) ( ) ( )
m m m
j j k k j j j j k k j
j k j k k j
G N g N g N g s N N k N k k 
     
            k (3.10) 
see Eq. (3.1). The variables j and k are Lagrange multipliers. From a physical viewpoint, the 
equilibrium state should correspond to the minimum of GL with respect to all variables. 
Mathematically, to determine the values of all variables at the minimum of GL, we have to set 
the first derivatives of GL with respect to these variables to be equal to zero. The conditions 
for minimum of GL with respect to k and j give the constraints in Eqs. (3.2) and (3.8), as it 
should be. In view of Eq. (3.4), the minimization with respect to N1,j yields: 
o
1, B 1,ln( )  ( 1,  2, ..., )j j jk T X j m     (3.11) 
Hence, at equilibrium j is equal to the chemical potential of the free monomers from the jth 
component. Furthermore, the minimization with respect to Nk gives the relationship: 
o
B
1
( , ) ln( )
m
k k j j
j
g s k T X k 

 k  (3.12) 
Eq. (3.12) expresses the mass action law for a micelle of aggregation number k. Finally, the 
minimization with respect to k1, k2, …, km leads to: 
1 2
1 2
...   ( 1)k k k km
m k
g g g k
k k k N
               (3.13) 
Note that the quantity k,j = gk/kj is the chemical potential of a molecule from the jth 
component incorporated in a micelle of aggregation number k. Insofar as exchange of 
molecules between the micelles and monomers takes place, from a physical viewpoint we 
have to set zero the value of the variable k at the minimum of GL, i.e. at equilibrium k = 0. 
Then, Eq. (3.13) expresses the equilibrium between micelles and monomers with respect to all 
components.  
 Eq. (3.13), along with Eqs. (3.5) and (3.11), represents the basis of the “phase 
separation model” of micellization. In addition, Eq. (3.12) represents the basis of the “mass-
action-law model”; see e.g. [1-3, 12-21]. Hence, the model presented here generalizes these 
two models in a natural way.  
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3.3. Micelle size distribution 
 Substituting j from Eq. (3.11) into Eq. (3.12) and taking inverse logarithm, we obtain: 
1 2
o o
1,
1,1 1,2 1,
B
( , )
... exp[ ]  for  1m k j j jkk kk m
g s k
X X X X k
k T
  k  (3.14) 
Eq. (3.14) represents the micelle size distribution in a general form; see e.g. Ref. [21]. 
However, this form is not convenient for numerical calculations. Before the computations, it 
is necessary to transform Eq. (3.14) in a more convenient form. For this goal, let us introduce 
the variabes: 
1,
1 2
1
  ( 1,  2, ..., ), ... 1jj m
X
x j m x x x
X
       (3.15) 
1 2( 1,  2, ..., ),   ... 1
j
j m
k
y j m y y y
k
       (3.16) 
Here, xj denotes the mole fraction of free surfactant monomers from the jth component 
defined on water-free basis, whereas yj = yj(k) is the mole fraction of surfactant molecules 
from the jth component in a micelle of aggregation number k; see also Eq. (3.2). Using the 
above definitions, we transform the pre-exponential factor in Eq. (3.14) as follows: 
1 2
1,1 1,2 1, 1 1, 1 1
1 1
... exp[ (ln ln )] exp( ln )m
m m
kk k k k
m j j j j
j j
X X X X k y X X X k y x
 
     (3.17) 
Then, Eq. (3.14) acquires the form: 
1
B
exp( )kkX X k T
   (3.18) 
where 
o
1, B
1
[ ( , ) ( ln )]
m
k j j j
j
k f s y k T x

   k  (3.19) 
o ( , )( , ) kk
g sf s
k
 kk  (3.20) 
( , )kf sk  has the meaning of mean free energy per molecule in a mixed micelle.  
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 The quantity  defined by Eq. (3.19) has the meaning of free energy of a mixed 
micellar aggregate. Indeed, if we minimize  with respect to the variables 1 2, ,..., mk k k , along 
with the constraint in Eq. (3.2) (at fixed N1,j, j = 1, …, m), we obtain again the equilibrium 
relationships in Eq. (3.13). This means that the minimum value of  corresponds to a micellar 
aggregate, which is in equilibrium with the micellar solution with respect to the exchange of 
all surfactant components. Thus, starting with the free energy of the whole micellar solution 
[G in Eq. (3.1)], we could continue our analysis with the minimization of the free energy of a 
separate micellar aggregate that is in equilibrium with the environment [ in Eq. (3.19)]. 
 
4. Molecular thermodynamics of spherocylindrical micelles 
4.1. Minimization of the free energy of a micellar aggregate 
 The general equations derived in Section 3 can be applied to micelles of any specific 
shape, e.g. spherical, spheroidal, spherocylindrical, discoidal, etc. Here, our goal is to derive 
the equilibrium relationships for spherocylindrical (wormlike) micelles (Fig. 1) in the general 
case of different compositions and different radii of the cylindrical part and the spherical 
endcaps. For this goal, in the micellar free energy , defined by Eq. (3.19), we separate the 
contributions from the micelle cylindrical part and from the spherical endcaps: 
o
c c c c c c, 1, B
1
o
s s s s c s s, 1, B
1
( , ) ( ln )
( , , ) ( ln )
m
j j j
j
m
j j j
j
n f R n y k T x
n f n R n y k T x




   
  


y
y
 (4.1) 
where nc and ns denote the number of surfactant molecules contained in the cylindrical part 
and in the endcaps, respectively; for brevity, yc and ys denote the compositions of the 
cylindrical part and the endcaps: 
c c,1 c,2 c, c,1 c,2 c,( , ,..., ), ... 1m my y y y y y    y  (4.2) 
s s,1 s,2 s, s,1 s,2 s,( , ,..., ), ... 1m my y y y y y    y  (4.3) 
Here and hereafter, the subscripts ‘c’ and ‘s’ refer to the cylindrical part and the spherical 
endcaps, respectively. In Eq. (4.1) cf is independent of the total number of surfactant 
molecules, nc, because the micelle is assumed to be sufficiently long so that the end effects are 
negligible. At known volume per surfactant tail, the endcap radius Rs is determined if the 
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endcap aggregation number, ns, the endcap composition, ys, and the cylinder radius, Rc, are 
known. For this reason, in Eq. (4.1) Rs is not given as an independent argument of s .f  
 The equilibrium composition and size of a spherocylindrical micelle of given 
aggregation number, k = nc + ns, correspond to the minimum of micelle free energy at 
constraints defined by Eqs. (4.2) and (4.3). Hence, we have to minimize the following 
Lagrange function: 
o
L s s s s c s s, 1, B s s,
1 1
( , , ) ( ln ) (1 )
m m
j j j j
j j
n f n R n y k T x y 
 
      y  
o
c c c c c c, 1, B c c,
1 1
( , ) ( ln ) (1 )
m m
j j j j
j j
n f R n y k T x y 
 
     y  (4.4) 
where c and s are Lagrangian multipliers.  
 The conditions for minimum of L with respect to Rc at fixed composition leads to 
s c
s c
c c
0f fn n
R R
     (4.5) 
For sufficiently long spherocylindrical micelles, we have nc >> ns, so that the first term in Eq. 
(4.5) is negligible and we obtain: 
c
c s
c
0  for  f n n
R
    (4.6) 
 The condition for minimum of L with respect to the mole fractions ys,j and yc,j (at fixed 
ns, nc and Rc) leads to: 
os s s c s
1, B
s, s
( , , ) ln   ( 1,  2, ..., )j j
j
f n R k T x j m
y n
    
y  (4.7) 
oc c c c
1, B
c, c
( , ) ln   ( 1,  2, ..., )j j
j
f R k T x j m
y n
    
y  (4.8) 
Note that each of Eqs. (4.7) and (4.8) contains m different equations, because the logic of the 
Lagrange minimization procedure based on Eq. (4.4) demands all ys,j and yc,j to be formally 
treated as independent variables, despite the constraints in Eqs. (4.2) and (4.3). This fact 
should be taken into account when calculating the partial derivatives in Eqs. (4.7) and (4.8); 
see Appendix A. 
 15
 Having in mind that (by definition) the free energies of the endcaps and of the 
cylindrical part are gs = nsfs and gc = ncfc, and that the derivatives in Eqs. (4.7) and (4.8) are 
taken at fixed ns and nc, we obtain: 
s s s c s c c c c
s, c,
s, s, c, c,
( , , ) ( , ), ,j j
j j j j
f n R g f R g
y n y n
          
y y  (4.9) 
where ns,j = nsys,j and nc,j = ncyc,j are the numbers of molecules in the spherical endcaps and in 
the cylindrical part of the jth component, and s,j  and c,j are the respective chemical 
potentials. Hence, Eqs. (4.7) and (4.8) represent the conditions for chemical equilibrium 
between the endcaps and the cylindrical part of the micelle with the free surfactant monomers 
in the solution (as well as between the endcaps and the cylindrical part, themselves). Then, in 
analogy with Eq. (3.12) we have to set the equilibrium values of the Lagrangian multipliers to 
be equal to zero, viz. c = s = 0.  
4.2. Size distribution of the spherocylindrical micelles 
 For sufficiently long micelles (nc >> ns), the local properties in the cylindrical part of 
the micelle become independent on its total aggregation number, k. Because the spherical 
endcaps are in chemical equilibrium with the cylindrical part, their properties are also 
independent of k. Then, the micelle free energy,  in Eq. (4.1), becomes a linear function of 
k: 
sc BCk E k T    (4.10) 
where the slope C and the intercept EsckBT are defined as follows: 
o
c c c c, 1, B
1
( , ) ( ln )
m
j j j
j
C f R y k T x

  y  (4.11) 
o
sc B s s s s c c c c s s, c, 1, B
1
[ ( , , ) ( , )] ( )( ln )
m
j j j j
j
E k T n f n R f R n y y k T x

    y y  (4.12) 
and the relation nc = k  ns has been used. Note that C is independent of the properties of the 
spherical endcaps, which are taken into account by Esc. The quantity EsckBT/ns represents the 
mean excess free energy per molecule in the spherical endcaps with respect to a molecule in 
the cylindrical part of the micelle. (Indeed, if we formally set s cf f  and ys,j = yc,j, then 
Eq. (4.12) would give Esc = 0.)  
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 Physically, the breakage of a wormlike micelle to two parts is accompanied with the 
formation of two new endcaps. Hence, the excess free energy of the two endcaps, EsckBT, can 
be identified with the reversible work for breakage of a long wormlike micelle, termed also 
free energy of scission [53,54].  
 In the special case of single-component micelles, ys,j = yc,j = 1 and Eq. (4.12) yields 
Esc = ns s c( )f f /(kBT), which coincides with the definition for Esc in Ref. [52]. 
 Substituting Eq. (4.10) in the micelle size distribution, Eq. (3.18), we obtain  
1
B
B B
 ,   ,  exp
k
k
Xq CX q X
K X k T
      
 (4.13) 
scexp( )K E  (4.14) 
We recall that the size distribution defined by Eq. (4.13) holds for sufficiently large 
spherocylindrical micelles, for which nc >> ns.  
4.3. Mean aggregation number by mass and by number 
 By definition, the weight average molar mass of the micellar aggregates is:  
2
w a, a,
1 1
( ) / ( )k k k k
k k
M M N M N
 
    (4.15) 
where Ma,k is the mass of a micelle of aggregation number k: 
a,
1
( ) ( )
m
k j j
j
M k M y k kM k

   (4.16) 
1
( ) ( )
m
j j
j
M k M y k

  (4.17) 
Mj is the molar mass of the jth surfactant component and ( )M k  is the mean molar mass for 
the molecules in a micelle of aggregation number k.  
 In the case of long spherocylindrical micelles, nc >> ns, the micelle composition (with 
high precision) coincides with the composition of micelle cylindrical parts, i.e. yj  yc,j = 
const. In other words, yj is independent of k. In view of Eq. (4.17), M  also becomes 
independent of k. Then, the mean mass micelle aggregation number, nM, can be expressed in 
the form: 
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2w
1 1
( ) / ( )M k k
k k
Mn k N kN
M  
     (4.18) 
see Eqs. (4.15) and (4.16). Finally, in view of Eqs. (3.6), (3.9) and (4.13) we obtain: 
2 o 1/2
S S
1 1
( ) / ( ) 2[ ( )]M k k
k k
n k X kX K X X
 
     (4.19) 
Likewise, the number-average micelle aggregation number, nN, is 
o 1/2
S S
1 1
( ) / ( ) [ ( )]N k k
k k
n kX X K X X
 
     (4.20) 
The derivation of the approximate expressions in the right-hand sides of Eqs. (4.19) and 
(4.20) can be found, e.g., in Refs. [21,52]. oSX  is proportional to the intercept of the plot of 
2
Mn  or 
2
Nn  vs. XS. Typically, 
o
SX  is of the same order of magnitude as X1, but 
o
SX  is not 
identical with X1 because of a contribution from the smaller micelles, for which the linear 
dependence in Eq. (4.10) does not hold [52].  
 Eq. (4.19) is in excellent agreement with the experimental data for the mean mass 
aggregation number, nM, for mixed micelles of nonionic surfactants; see Figs. 2 and 3. In view 
of Eqs. (4.14) and (4.19), the slope of each straight line in these figures is equal to 
2exp(Esc/2). Thus, from the experimental slopes one can determine the value of Esc for the 
respective micellar solution and temperature (Table 1). Our next goal is to compare the 
experimental values of Esc with the theoretical Esc values predicted by the molecular-
thermodynamic model.  
 
4.3. Expression for Esc in terms of interaction energies 
 Eliminating o1, B lnj jk T x   between Eqs. (4.8) and (4.12), we derive: 
c c c
sc B s s s s c c c c s s, c,
1 c,
( , )[ ( , , ) ( , )] ( )
m
j j
j j
f RE k T n f n R f R n y y
y
     yy y  (4.21) 
Formally, to obtain Eq. (4.21) it is not necessary to set the last term c/nc in Eq. (4.8) equal to 
zero; in view of the sums in Eqs. (4.2) and (4.3) it is sufficient that c/nc is independent of j. 
 The standard free energies per molecule in the micelle cylindrical part and spherical 
endcaps, cf and s ,f  can be expressed in the form: 
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o o
c a, c, c,int s a, s, s,int
1 1
,
m m
j j j j
j j
f y f f y f 
 
      (4.22) 
where oa, j  are standard chemical potentials of the surfactant molecules in the micellar 
aggregates, whereas the terms fc,int and fs,int take into account the interactions between the 
molecules in the respective parts of the micelle, including the free energy of mixing. The 
differentiation of the first term in Eq. (4.22) yields: 
c,intoc
a,
c, c,
  ( 1,  2, ..., )j
j j
ff j m
y y
       (4.23) 
In view of Eq. (4.23), the substitution of Eq. (4.22) in Eq. (4.21) leads to: 
c,int c c
sc B s s,int s s c c,int c c s s, c,
1 c,
( , )
[ ( , , ) ( , )] ( )
m
j j
j j
f R
E k T n f R R f R n y y
y
    
y
y y  (4.24) 
In view of the relation between Rs and ns (see Section 5.2), Rs is chosen as an independent 
variable instead of ns in the argument of fs,int. The last term in Eq. (4.24) is a collective 
contribution from all surface active species. It is related to the fact that the chemical 
compositions of the endcaps and the cylindrical part of the micelle are different. In the special 
case of single-component micelle (m = 1; ys,1 = yc,1 = 1), the last term is equal to zero and we 
arrive at the known result EsckBT = ns(fs,int – fc,int) [52]. 
 It is important to note that in Eq. (4.24) there are no terms with oa, j , that is Esc does not 
depend on the standard chemical potentials. [Eqs. (4.22) and (4.23) contain terms with oa, j , 
but in Eq. (4.24) all of them have cancelled each other.] From a physical viewpoint, EsckBT 
represents the work for formation of two endcaps and, consequently, Esc is related to the 
change in energy due to the transfer of ns surfactant molecules from the cylindrical part to the 
endcaps, rather than to contributions from the internal molecular degrees of freedom, which 
are taken into account by oa, .j  For this reason, it is natural that Esc does not include 
contributions from oa, .j  In other words, to calculate theoretically the mean micelle 
aggregation numbers nM and nN one does not need the values of oa, j ; see Eqs. (4.14), (4.19), 
(4.20) and (4.24). The growth of long spherocylindrical micelles is controlled by the 
interactions between the molecules in the aggregates, which are taken into account by fc,int and 
fs,int. 
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5. Molecular aspects of the model 
5.1. Formulation of the problem 
 Our next goal is to calculate the interaction free energies (per molecule) fc,int and fs,int on 
the basis of information on the size and shape of the surface-active molecules incorporated in 
the micelle and the interactions between them. For mixed micelles composed of several 
nonionic surfactants, the interaction free energy can be expressed as a sum of four 
components:  
x,int x,mix x, x,hs x,conf , x = c,sf f f f f     (5.1) 
Here and hereafter, the subscript ‘x’ denotes quantities that refer to the cylindrical part of the 
micelle (x = c) or to the spherical endcaps (x = s). The first term in Eq. (5.1), fx,mix, expresses 
the contribution of the free energy of ideal mixing, whereas the next three terms express 
contributions from interactions between the molecules in the micelle. In particular, fx, is the 
interfacial tension component, which takes into account the surface energy of contact of 
micelle hydrocarbon core with the outer aqueous phase; fx,hs is the headgroup steric repulsion 
component, which expresses the contribution from the repulsion between the surfactant 
headgroups on the micelle surface due to their finite size, and finally, fx,conf is the chain-
conformation component, which expresses an energy contribution from the extension of 
surfactant chains in the micelles core with respect to their conformations in an ideal solvent; 
see illustrations in Ref. [52]. The last three components in Eq. (5.1) have been quantified in 
the special case of single-component micelles [52], but here we have to generalize the 
respective formulas for multicomponent micelles.  
 Input parameters used to calculate fc,int and fs,int are: 
c, 0,, , , ,  and ( 1,..., )j j j jT v l y a j m  (5.2) 
As usual, T is the temperature; vj and lj are the volume and the length of the hydrocarbon tail 
of a molecule from the jth surface active component; yc,1, …, yc,m represent the composition of 
the cylindrical part of the micelles, which for long spherocylindrical micelles (nc >> ns) is 
equal to the known input composition of the solution. Finally, a0,j(T) is the excluded area per 
headgroup of surfactant molecule of the jth component. The values of a0,j(T) for various 
polyoxyethylene alkyl ethers, CnEm, have been determined in Ref. [52]; see Eq. (6.5) and 
Table 3 therein. Formulas for calculation of vj and lj, and other geometrical parameters are 
given in Section 5.2.  
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 Alternatively, the cross-sectional area per headgroup, a0,j(T), can be determined 
theoretically, e.g., by using the Semenov mean field theory [59] to describe the conformations 
of the polyoxyethylene chains of the headgroups in water. At that, one should take into 
account the circumstance that with the rise of temperature the water undergoes a gradual 
transition from good solvent to poor solvent [60], which in a final reckoning leads to the 
appearance of cloud point for the nonionic surfactants. From this viewpoint, the theoretical 
prediction of a0,j(T) is a rather nontrivial task, which demands a separate study.  
 The parameters, which are to be determined by minimization of the free energy, are: 
c s s,1 s,, , ,..., mR R y y  (5.3) 
As usual, Rc and Rs are the radii of the micelle hydrocarbon core in the cylindrical part and 
spherical endcaps, respectively; ys,1, …, ys,m is the composition of the spherical endcaps that 
are in chemical equilibrium with the cylindrical part of the micelle. 
 For example, in the case of two-component spherocylindrical micelles, Rc is obtained by 
minimization of fc,int(Rc). Furthermore, with the obtained value of Rc one determines Rs and 
ys,1 by minimization of Esc(Rc,Rs,ys,1) with respect to variations of Rs and ys,1 at given Rc; as 
usual, ys,2 = 1  ys,1; for details see Section 6. 
5.2. Molecular geometric parameters 
 For a surfactant with alkyl chains of nj carbon atoms, the extended chainlength, lj, and 
chain volume, vj, can be calculated from the Tanford formulas [12]: 
3 2(CH ) ( 1) (CH )j jl l n l    (5.4) 
3 2(CH ) ( 1) (CH )j jv v n v    (5.5) 
The volumes of the CH3 and CH2 groups, estimated from the temperature dependence of the 
volume of aliphatic hydrocarbons, are [46]: 
3 3
3(CH ) [54.3 0.124( 298)] 10  nmv T
     (5.6) 
3 3
2(CH ) [26.9 0.0146( 298)] 10  nmv T
     (5.7) 
where T is the absolute temperature. Temperature dependences of l(CH3) and l(CH2) have not 
been reported in the literature. We assume that these lengths are not sensitive to T and use 
their values at 25 °C [12]: 
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3 2(CH ) 0.280 nm ,  (CH ) 0.1265 nml l   (5.8) 
 The volume and surface area (of the hydrocarbon core) of the cylindrical part of the 
micelle are Vc = Rc2L and Ac = 2RcL, where L is the length of cylinder. Hence, 
c
c c c,
1c c
2 2 m
j j
j
VA n y v
R R 
    (5.9) 
Then, the mean surface area per molecule in the cylindrical part of the micelle is: 
c
c c,
1c c
2 m
j j
j
Aa y v
n R 
    (5.10) 
 Likewise, the volume and surface area (of the hydrocarbon core) of the two spherical 
endcaps (truncated spheres) are: 
2 2 2 1/2 2 2 2 1/2
s s s s c c s c
4 2[ ( ) ] ( )
3 3
V R R R R R R R       (5.11) 
2 2 1/2
s s s s c4 [ ( ) ]A R R R R    (5.12) 
Next, for a given composition, ys,1, …, ys,m, one can calculate the number of molecules in the 
two spherical endcaps: 
s s s,
1
/
m
j j
j
n V y v

   (5.13) 
Furthermore, the mean surface area per molecule in the spherical endcaps, as, and their 
packing parameter, ps, are: 
s s s
s s, s
1s s s s
,
m
j j
j
A A Va y v p
n V A R
    (5.14) 
The minimal value, ps = 1/3, corresponds to hemispherical caps (Rc = Rs), whereas the 
maximal value, ps = 3/8, corresponds to s c/ 2 / 3 1.155R R   . 
5.3. Free energy of mixing  
 For a mixture of molecules of different chainlength, the free energy of mixing (per 
molecule) can be expressed in the form [62]:  
x,mix
x, x,
B 1
ln , x = c,s
m
j j
j
f
y
k T


   (5.15) 
where x,j is the volume fraction of the j-th surfactant chain in the micelle core: 
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x,
x,
x,1
  ( 1, 2, ..., )j jj m
j jj
y v
j m
y v


   (5.16) 
Eq. (5.15) represents a generalization of the known expression from the Flory-Huggins theory 
[62]. 
5.4. Interfacial tension component of the micelle free energy 
 Generalizing the respective expression for single-component micelles [52] to the 
considered case of multicomponent micelles, we obtain: 
x, x 0( ), x = c,sf a a    (5.17) 
where  is the interfacial tension; ax is the surface area per molecule; see Eqs. (5.10) and 
(5.14), and a0 is the mean surface area excluded by the surfactant headgroups of geometrical 
cross-sectional areas a0,1, a0,2, …, a0,m: 



m
j
jjaya
1
,00  (5.18) 
With account for the micelle surface curvature,  is to be calculated from the Tolman formula 
[63,64]: 
1T
ow
x x
1[1 ( 1) ] , x = c,s
p R
      (5.19) 
Here, pc = 1/2, ps is given by Eq. (5.14); ow is the interfacial tension between water and the 
mixed bulk oil phase, and T is the Tolman length [52]:  
0.5422
ow x,
1
47.12 1.479( ) 0.0875( 293)  (mN/m)
m
j j
j
y n T

     (5.20) 
T x,
1
0.1456   (nm)
m
j j
j
y l

   (5.21) 
As before, nj (j = 1, 2, …, m) is the number of the carbon atoms in the respective hydrocarbon 
chain. 
 
5.5. Headgroup steric repulsion component 
 This component can be calculated by using the repulsion term in the two-dimensional 
van der Waals equation [52]: 
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hs
x,hs B
x
ln(1 ), x = c,saf k T
a
    (5.22) 
where ax is the surface area per molecule, see Eqs. (5.10) and (5.14), and ahs is the effective 
excluded area in the van der Waals model [65,66]: 
hs x, x,
, 1
m
i j ij
i j
a y y a

   (5.23) 
The diagonal elements of the matrix aij are the respective headgroup cross-sectional areas, a0,j: 
0   ( 1, 2, ..., )jj , ja a j m   (5.24) 
The non-diagonal element, aij (i  j), is identified with the area covered by a disk of radius 
equal to the arithmetic mean of the radii of the disks corresponding to components i and j 
[65,66]: 
1/2 1/2
0, 0, 2( )   ( )
2
i j
ij
a a
a i j
   (5.25) 
The validity of this model was proven in studies on the processing of surface tension 
isotherms of mixed surfactant solutions [66-68]. 
5.6 Chain-conformation component of free energy 
 Surfactants of the same chainlength, but of different headgroups. In this case, one can 
use the formula for identical chains of extended length l [52]: 
2 2
x,conf x
conf x
B sg
3 ( ), x = c,s
16
f R c p
k T l l
  (5.26) 
2
x
conf x 2
x x
4( )
1 3 2
pc p
p p
    (5.27) 
where lsg is the length per segment in the chain. As suggested by Dill, Flory et al. [69,70], one 
can use the value lsg = 0.46 nm, which is appropriate for alkyl chains. For the cylindrical part 
of the micelle, pc = 1/2 and cconf = 1/3, whereas for the spherical endcaps ps is given by Eq. 
(5.14).  
 The effect of headgroup size is taken into account by fx, and fx,hs; see above. Because 
the equilibrium radii Rc and Rs, and the endcap composition are obtained by minimization of 
the total interaction free energy, see Eq. (5.1), the headgroup sizes affect fx,conf through the 
equilibrium value of Rx and px; see Eq. (5.26). 
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 Surfactants of different chainlengths. In this case, expression for fx,conf is available only 
in the case of binary mixture of surfactants of extended chainlengths l1 and l2. By definition, it 
is assumed that l2 < l1. In this case, fx,conf can be calculated from the expression [58]: 
2 2
x,conf ,1 x,2x
conf x conf2 2
B sg 1 2 2 1
3 ( )[ ( ) ], x = c,s
16
xf y yR l lc p
k T l l l l l
      (5.28) 
Here, x,1 1 x,2 2l y l y l   is an average chainlength; cconf(px) is given by Eq. (5.27), and conf = 
conf(px,x,1) is the chain-conformation interaction parameter [58]: 
x
x
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2 2 2 1/2
conf x x,1 conf x x,1
conf x x
1 2( , ) [ ( )] ( ) (1 ) d
( )
p
p
b
p b c p z z b z z
c p p
  
           (5.29) 
where x,1 is the volume fraction of the chains of the surfactant of longer chainlength, and the 
parameter b is defined as a solution of the equation [58] 
x
x
1
1
x,12 2 1/2
x
(1 ) d (0 1); x = c,s
( )
p
p
b
z z z b
p z b


     (5.30) 
for given values px and x,1. In the case of endcaps, b has to be calculated by numerical 
solution of Eq. (5.30), where ps is given by Eq. (5.14). In the case of cylinder, we have p = pc 
= 1/2 and the integral in Eq. (5.30) can be taken analytically: 
2 1/2 2 1/2
c,12
1 1(1 ) ln[ ( 1) ]   (cylinder)b b
b b
      (5.31) 
Eq. (5.31) is a transcendental equation for b, which is to be solved numerically. As 
demonstrated in Ref. [58], the solution of Eqs. (5.30) and (5.31) for b always exists 
(0≤ b ≤ 1). At that, b is a monotonically decreasing function of x,1. 
 Physically, b is the boundary between the outer and inner regions in the micelle interior. 
In the outer region, 0 < r/Rx < b, the ends of the shorter chains are located; in the inner 
region, b < r/Rx < 1, the ends of the longer chains are located. Here, r is a radial coordinate, 
with r = 0 at the surface of micelle hydrocarbon core and r = Rx in the micelle center [58]. 
 In the case of endcaps, the integral in Eq. (5.29) has to be calculated numerically with 
px = ps given by Eq. (5.14). In the case of cylinder, we have px = pc = 1/2 and the integral in 
Eq. (5.29) can be taken analytically, which leads to the following expression for conf [58]: 
2 3/2 2
conf c,1 c,1
3(1 )   (cylinder)
2
b b       (5.32) 
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 For 0 ≤ x,1 ≤ 1, conf vs. x,1 is a curve with maximum [58], which is zero at the 
endpoints: conf(x,1=0) = conf(x,1=1) = 0. In other words, for mixed micelles (0 < x,1 < 1) 
the interaction parameter is always positive, conf > 0. Thus, Eq. (5.28) implies that the mixing 
of two surfactant with different chainlengths is always synergistic with respect to the chain 
conformation free energy, fx,conf. 
 
6. Minimization of the free energy of a spherocylindrical micelle 
6.1. Thermodynamic and computational aspects 
 As already mentioned, the radius Rc of micelle cylindrical part is determined by 
minimization of the free energy fc with respect to variations of Rc. Analogously, the radius Rs 
of micelle spherical endcaps and their composition are determined by minimization of the 
excess free energy Esc with respect to variations of the endcap radius Rs and the molar 
fractions ys,1,…,ys,m. In the considered case of long spherocylindrical micelles (nc >> ns), the 
composition of micelle cylindrical parts, yc,1 ,…, yc,m, is fixed and determined by the input 
concentrations of surfactants.  
 In view of Eqs. (4.6), (4.22) and (5.1), the condition for minimum of fc with respect to 
Rc can be presented in the form: 
 c c,mix c, c,hs c,conf
c c
0 f f f f f
R R 
        (6.1) 
Physically, Eq. (6.1) expresses a condition for mechanical equilibrium of the cylindrical 
micelle. If such a local minimum of fc does not exist in the interval 0 < Rc ≤ lmax, where lmax is 
the chainlength of the longest surfactant molecule, then equilibrium spherocylindrical 
micelles could not exist. 
 Explicit analytical expressions for the derivatives of the components of fc in the right-
hand side of Eq. (6.1) can be found in Appendix A. Thus, Eq. (6.1) is transformed into an 
algebraic equation for Rc, which has been solved numerically. 
 The condition for minimum of Esc with respect to the endcap composition, ys,1 ,…, ys,m, 
is equivalent to chemical equilibrium between the endcaps and the micelle cylindrical part 
with respect to exchange of molecules of all surface active components. Indeed, in accordance 
with Eq. (4.21) at T = const. Esc is a function of 2m + 2 independent variables, viz. Esc = 
Esc(ns,ys,Rc,yc). By differentiation of Eq. (4.21) with respect to ys,j and setting the derivative of 
Esc equal to zero as a necessary condition for minimum, we obtain: 
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At the last step, Eq. (4.9) has been used. Thus, we obtain 
s, c, , 1,...,j j j m    (6.3) 
i.e., the minimum of Esc corresponds to chemical equilibrium between the endcaps and the 
cylindrical part of the micelle. This result once again indicates the importance of the last term 
in Eq. (4.21) – without this term the chemical equilibrium relation, Eq. (6.3), cannot be 
obtained.  
 Because the experimental data in Section 2 refer to binary surfactant mixtures, in our 
computations we minimized numerically the function Esc(Rs,ys,1), as given by Eq. (4.24), with 
respect to variations of Rs and ys,1. In view of Eq. (5.1), the derivative in Eq. (4.24) can be 
presented in the form: 
c,int c,mix c, c,hs c,conf
c,1 c,1 c,1 c,1 c,1
f f f f f
y y y y y
             (6.4) 
The four derivatives in the right-hand side of Eq. (6.4) have been calculated analytically – see 
the respective expressions in Appendix A. By using these expressions, one can avoid 
numerical differentiation. The computations indicate that the last term in Eq. (4.24), which 
takes into account the different composition of the endcaps (relative to the micelle cylindrical 
part), is comparable with the other terms in Eq. (4.24) and is never negligible. 
6.2. Numerical results and discussion 
 The input parameters are those in Eq. (5.2), where lj and vj are calculated from Eqs. 
(5.4)–(5.8). Further, fc,int and fs,int are calculated from Eq. (5.1), where the four free energy 
components are computed using equations and parameter values given in Sections 5.3–5.6.  
 As an illustration, Fig. 4a shows plots of fc vs. Rc for the mixed micelles of C14E5 and 
C14E7 at three different compositions, wC14E5 = 25.1, 50 and 75 %, for which experimental 
data are presented in Table 1. The parameter values correspond to T = 30 °C, and C14E5 is 
chosen as component 1. In addition, Fig. 4b shows a contour plot of the function Esc(Rs,ys,1) 
for wC14E5 = 50 %, which corresponds to yc,1 = 0.546. The values of Esc are given at the 
respective isolines.   
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Fig. 4. Free energy minimization for mixed micelles from C14E5 + C14E7 at 30 °C. (a) Plot of 
fc,int vs. Rc for the micelle cylindrical part at three different weight fractions of C14E5, wC14E5, 
denoted in the figure. (b) Contour plot of the endcap excess free energy, Esc = Esc(Rs,ys,1), at 
wC14E5 = 50 %. The equilibrium values of Rc, Rs and ys,1 are determined by the positions of the 
respective minima, which are shown by dashed lines. 
 
 Likewise, Fig. 5a shows plots of fc vs. Rc for the mixed micelles of C14E5 and C10E5 at 
three different compositions, wC14E5 = 24.7, 50 and 75.8 %, for which experimental data are 
presented in Table 1. The parameter values correspond to T = 25 °C, and C14E5 is chosen as 
component 1. In addition, Fig. 5b shows a contour plot of the function Esc(Rs,ys,1) for wC14E5 = 
50 %, which corresponds to yc,1 = 0.466. 
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Fig. 5. Free energy minimization for mixed micelles from C14E5 + C10E7 at 25 °C. (a) Plot of 
fc,int vs. Rc for the micelle cylindrical part at three different weight fractions of C14E5, wC14E5, 
denoted in the figure. (b) Contour plot of the endcap excess free energy, Esc = Esc(Rs,ys,1), at 
wC14E5 = 50 %. The equilibrium values of Rc, Rs and ys,1 are determined by the positions of the 
respective minima, which are shown by dashed lines. 
 
 All plots in Figs. 4 and 5 possess minima, which mean that mechanically equilibrium 
micelles exist and that their endcaps and cylindrical parts coexist in chemical equilibrium. 
The equilibrium values of Rc, Rs and ys,1 are those corresponding to the minima. In particular, 
in all cases the equilibrium values of Rc and Rs satisfy the physical requirement 0 < Rx ≤ l1 
(x = c,s), where l1 = 1.92 nm for the longer C14-alkyl chain; see Eqs. (5.4) and (5.8).  
 Note that the values Esc = 26.4 and 21.1 at the minima of Figs. 4b and 5b practically 
coincide with the respective experimental values in Table 1, Esc = 26.2 and 21.1. This is a 
remarkable coincidence, having in mind that no adjustable parameters have been used. As 
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demonstrated in Section 7, such good agreement between theory and experiment is present for 
all other investigated compositions and temperatures. 
 
7. Comparison of theory and experiment 
7.1. Experimental vs. theoretical values of Esc 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Comparison of theory (solid lines) and experiment (points – data from Table 1) for 
mixed surfactant micelles at different weight fractions of C14E5, wC14E5, denoted in the figure. 
Plots of the micelle growth parameter (scission energy in kBT units), Esc, vs. temperature, T: 
(a) C14E5 and C14E7 (different headgroups) and (b) C14E5 and C10E5 (different chainlengths).  
 
 In Fig. 6a and b, the points are the experimental data for the micelle growth parameter 
Esc vs. temperature T from Table 1, whereas the solid lines represent the predictions of theory 
 30
for the respective composition of the surfactant mixture denoted in the figure. As already 
mentioned, the headgroup areas, a0,j(T), have been determined in Ref. [52] from fits of data 
for the growth of single-surfactant micelles. In the present study, the theoretical curves for 
mixed micelles are drawn without using any adjustable parameters. For both investigated 
systems, C14E5+C14E7 (identical alkyl chains) and C14E5+C10E5 (identical headgroups), there 
is an excellent agreement between theory an experiment, which confirms the adequacy of the 
developed theoretical model.  
 As explained in Section 6.2 (Figs. 4b and 5b), the values of Esc in Fig. 6 correspond to 
the minimum of the function Esc(Rs,ys,1). In our computations, the values of Esc, Rs and ys,1 at 
the minimum were determined within an accuracy of three significant digits. In most cases, 
this accuracy was sufficient, but in isolated cases (as the curve for 50 % in Fig. 6a) the limited 
computational accuracy has led to small undulations in the calculated theoretical curve.  
 A comparison of the curves in Figs. 6a and b shows that in the case of different alkyl 
chains (Fig. 6b) the curves corresponding to almost equidistant wC14E5 values are far from 
being equidistant (which is not the case in Fig. 6a). Thus, the curves for wC14E5 = 24.7 and 
50 % are very close to each other, whereas the curve for wC14E5 = 75.8 % is situated far from 
them (Fig. 6b). Thus irregular behavior is related to the strong deviations from ideal mixing in 
the case of different alkyl chains, as discussed in Ref. [58], where the theory of the chain 
conformation free energy, fx,conf, has been developed. The deviations from ideality are taken 
into account by the chain-conformation interaction parameter, conf in Eq. (5.29), which is a 
non-monotonic function of the composition, x,1.  
7.2. Predicted values of the micellar parameters 
 The theoretical calculation of the micelle growth parameter (scission energy) Esc 
includes calculation also of many other micellar parameters, such as the radii of the 
cylindrical part and of the endcaps, Rc and Rs, as well as the aggregation number and 
composition of the endcaps, ns, ys,1 and ys,2. It is difficult to directly measure the latter 
parameters of the mixed wormlike micelles, but the quantitative theory gives information for 
their values and variations.  
 In Fig. 7a and b, we compare the calculated plots of Rc and Rs vs. yc,1 for the two 
investigated systems, C14E5+C14E7 and C14E5+C10E5, where C14E5 has been chosen as 
component 1. For both systems, Rc < Rs (as it should be expected). The values of Rc and Rs 
satisfy the physical requirement 0 < Rx ≤ l1 (x = c,s), where l1 = 1.92 nm for the longer C14-
alkyl chain.   
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Fig. 7. Parameters of the mixed micelles predicted by the theory vs. the input mole fraction of 
C14E5, yc,1, for the two investigated systems, C14E5+C14E7 (left) and C14E5+C10E5 (right). 
(a) and (b) Equilibrium radii of the cylindrical part and spherical endcaps, Rc and Rs; (c) and 
(d) the aggregation number of the two endcaps together, ns; (e) and (f) difference between the 
mole fractions of component 2 in the spherical endcaps and in the cylindrical part, ys,2  yc,2 = 
(ys,1  yc,1).  
 32
Note, however, that Rc, and especially Rs, can be essentially greater than the length of the 
shorter chain, l2 (Fig. 7b). Both Rc and Rs increase with the rise of the input molar fraction of 
C14E5, yc,1, which is the surfactant of smaller headgroup in Fig. 7a, but is the surfactant of 
longer tail in Fig. 7b. At that, the rise of Rc and Rs with yc,1 in Fig. 7a is practically linear, 
whereas significant deviations from linearity are seen in Fig. 7b, which can be explained with 
the aforementioned nonideal mixing of chains of different length [58].  
 In Fig. 7c and d, we compare the calculated plots of the endcap aggregation number, ns, 
vs. yc,1 for the two investigated systems. Again, the plots for surfactants of identical chains 
(Fig. 7c) are practically linear, whereas those for surfactants of different chains show marked 
deviations from linearity, which are due to the nonideal chain mixing (see above). It is 
important to note that ns enters the expression for Esc, Eq. (4.24), as a multiplier, and in turns, 
Esc enters the expression for micelle aggregation number nM in the argument of an exponent; 
see Eqs. (4.14) and (4.19). For this reason, the increase of ns is one of the main reasons for 
micelle growth. In Fig. 7c (at T = 20 °C), ns increases from 73.5 to 87, i.e. with ca. 18 %, 
whereas in Fig. 7d ns increases from 62 to 90, i.e. with ca. 45 %. The latter fact correlates with 
the circumstance that the biggest micelles of nM  130,000 are observed with the system 
C14E5+C10E5; see Fig. 3c. 
 In general, the endcaps have a composition, which is different from that of the 
cylindrical part of the micelle. The magnitude of this effect is illustrated in Figs. 7e and f, 
where the difference ys,2 – yc,2 is plotted vs. the input molar fraction of C14E5, yc,1. The results 
show that the endcaps are enriched in component 2, which is the component with smaller 
value of the packing parameter, pj = vj/(a0,jlj), that is better accommodated in aggregate of 
higher surface curvature. In both Figs. 7e and f, the effect is the greatest at intermediate molar 
fractions, yc,1 = 0.5 – 0.6, and has a similar magnitude, 4.3 – 5.2 %. Despite the relatively small 
values of ys,j  yc,j, the last term in Eq. (4.24) is comparable by magnitude with the other terms 
in this equation. 
7.3. Theory vs. experiment for CnEm + n-dodecanol 
 The data by Miyake and Einaga [61] on the growth of wormlike micelles in mixed 
solutions of C10E5 + n-dodecanol and C12E6 + n-dodecanol represent another set of 
experimental results, which allow verification of our theoretical model. The data in Ref. [61], 
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which are originally presented in terms of g2, have been converted in terms of Esc by using 
Eq. (2.2) – see the points in Fig. 8. 
 To draw the theoretical lines in Fig. 8, the parameters characterizing the C10E5, C12E6 
and n-dodecanol molecules have been determined as explained in Sections 5.1 and 5.2 for 
CnEm molecules; the only exception is that for dodecanol the value a0,1 = 0.207 nm2 from 
Ref. [66] was used.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 8. Comparison of theory (solid lines) and experiment (points) for mixed micelles of 
C10E5 + n-dodecanol and C12E6 + n-dodecanol. Plots of the micelle growth parameter 
(scission energy in kBT units), Esc, vs. the mole fraction of n-dodecanol, yc,1.  
 
 As seen in Fig. 8, the experimental data are somewhat scattered, but the theoretical 
curves follow very well their tendency. Again, the theoretical curves have been drawn without 
using any adjustable parameters, and their agreement with the experimental data confirms the 
adequacy and reliability of the developed theoretical model. 
 
8. Conclusions 
 In the present study, a quantitative molecular-thermodynamic theory of the growth of 
giant wormlike micelles of nonionic surfactants is developed on the basis of a generalized 
model, which includes the classical “phase separation” and “mass action” models [1-5] as 
special cases. The generalized model describes spherocylindrical micelles, which are 
simultaneously multicomponent and polydisperse in size. This model takes into account the 
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fact that (in general) the micelle endcaps have a chemical composition, which is different 
from that of the cylindrical part of the micelle (Sections 3 and 4).   
 The molecular part of the model is based on explicit analytical expressions for the four 
components of the free energy of nonionic micelles: interfacial-tension, headgroup-steric, 
chain-conformation and free energy of mixing (Section 5). The radii of the cylindrical part 
and the spherical endcaps, Rc and Rs, as well as the chemical composition of the endcaps, are 
determined by minimization of the free energy (Section 6). 
 A key new finding is that in the case of multicomponent micelles an additional term 
exists in the expression for the micelle growth parameter (micelle scission free energy), Esc; 
see Eqs. (4.12) and (4.21). This term takes into account the fact that the micelle endcaps and 
cylindrical part have different compositions. The existence of this term has two important 
physical consequences: (i) It guarantees that the endcaps and the cylindrical part can coexist 
in chemical equilibrium with respect to exchange of all surfactant components; see Eqs. (6.2) 
and (6.3). (ii) Thanks to this term, the standard chemical potentials, which take into account 
contributions from internal degrees of freedom of the surfactant molecules, disappear from the 
final expression for Esc, as it should be; see Eq. (4.24).   
 The theoretical model is tested against two sets of experimental data for wormlike 
micelles from binary surfactant mixtures: (i) surfactants with different headgroups but 
identical chains (C14E5 and C14E7) and (ii) surfactants with identical headgroups but different 
chains (C14E5 and C10E5); see Section 2. For both systems, excellent agreement between 
theory and experiment was achieved with respect to the experimental and theoretical values of 
Esc (and micelle mean mass aggregation number nM) without using any adjustable parameters 
(Fig. 6). Good agreement between theory and experiment was achieved also for the mixed 
wormlike micelles from C10E5 and C12E6 with n-dodecanol (Fig. 8). In fact, the present article 
represents the first molecular thermodynamic study on the growth of mixed wormlike 
micelles, in which complete quantitative agreement between theory and experiment is 
achieved with respect to the prediction of micelle size (characterized by nM). This is a 
considerable improvement over preceding studies [42-50].   
 For all investigated experimental systems, the calculated free energy possesses a 
minimum, which guarantees that the micelle exists in a state of mechanical and chemical 
equilibrium, as it should be for a physically adequate theory (Figs. 4 and 5). In addition to Esc, 
the theory predicts the values of other micellar parameters, such as the radii of the cylindrical 
part and the endcaps, Rc and Rs, as well as aggregation number and composition of the 
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endcaps, ns and (ys,1, ys,2). It is difficult to directly measure these parameters, but information 
about their values and variations is provided by the theory (Fig. 7). 
 Another advantage of the molecular thermodynamic theory is that the derived analytical 
expressions for all basic micellar parameters allow their calculation by a standard personal 
computer or laptop. The fact that the mass averaged aggregation number of the wormlike 
micelles can be greater than 104 monomers does not create any problems for the application of 
the developed analytical theory, whereas it could be an obstacle for the use of computer 
simulation methods like those in Refs. [71-73]. Appropriate combination of analytical and 
simulation methods could provide a fruitful way toward theoretical modelling of the growth 
of giant self-assembled molecular aggregates. 
 In future studies, the present molecular-thermodynamic approach can be extended to 
ionic and zwitterionic surfactants and their mixtures, which include amphiphilic molecules, 
fragrances and preservatives that are contained in typical formulations in personal-care and 
house-hold detergency. 
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A.1. Procedure for determination of Rc and Rs by minimization of fc,int and Esc 
 The equilibrium radius of the cylindrical part of a long (nc >> ns) spherocylindrical 
micelle, Rc, has to be determined by minimization of the respective free energy per molecule, 
fc(yc,Rc), at fixed composition c c,1 c,2 c,( , ,..., ),my y yy  which is determined by the input 
concentrations of the surface active species. Consequently, in view of Eqs. (4.6), (4.22) and 
(5.1), the equilibrium value of Rc has to be determined from the equation:  
c,mix c, c,hs c,conf
c c c c
0
f f f f
R R R R
           (A.1) 
Eq. (A.1) represents an implicit equation for Rc, which has been solved numerically. To 
achieve the best accuracy of the numerical solution, the derivatives have been calculated 
analytically (see below) and the obtained expressions have been substituted in Eq. (A.1). 
 The equilibrium radius, Rs, and the composition, s s,1 s,2 s,( , ,..., ),my y yy  of the 
spherical endcaps of a long spherocylindrical micelle have to be determined by numerical 
minimization of the excess free energy per molecule in the endcaps, Esc, at fixed composition, 
c c,1 c,2 c,( , ,..., ),my y yy  and radius, Rc, of the cylindrical part. The expression for Esc, 
c,int c c
sc B s s,int s s c c,int c c s s, c,
1 c,
( , )
[ ( , , ) ( , )] ( )
m
j j
j j
f R
E k T n f R R f R n y y
y
    
y
y y  (A.2) 
contains the derivative of fc,int with respect to the endcap composition yc,j; see Eq. (4.24). 
Again, to achieve the best accuracy of the numerical minimization of Esc, these derivatives 
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have been calculated analytically (see below) and the obtained expressions have been 
substituted in Eq. (A.2). 
A.2. Derivatives of the free energy of mixing fc,mix 
 In this article, the molecular thermodynamic theory is verified against experimental 
data for binary mixtures of nonionic surfactants. In view of Eqs. (5.15) and (5.16), for a 
binary surfactant mixture fc,mix can be presented in the form: 
c,mix c,1 1 c,2 2
c,1 c,2
B c,1 1 c,2 2 c,1 1 c,2 2
ln( ) ln( )
f y v y v
y y
k T y v y v y v y v
    (A.3) 
Our first goal is to calculate the derivatives of fc,mix with respect to Rc, yc,1 and yc,2. In view of 
Eq. (A.3),  fc,mix is independent of Rc, so that 
c,mix
c
0
f
R
   (A.4) 
The other two derivatives are: 
c,mix c,1 1 1
B
c,1 c,1 1 c,2 2 c,1 1 c,2 2
[ln( ) 1 ]
f y v vk T
y y v y v y v y v
       (A.5) 
c,mix c,2 2 2
B
c,2 c,1 1 c,2 2 c,1 1 c,2 2
[ln( ) 1 ]
f y v vk T
y y v y v y v y v
       (A.6) 
 
A.3. Derivatives of the interfacial tension component fc,  
 In view of Eqs. (5.10), (5.18) and (5.19), for a binary surfactant mixture Eqs. (5.17), 
(5.20) and (5.21) can be presented in the form: 
ow c
c, c,1 1 c,2 2 c,1 0,1 c,2 0,2
c T c
2[ ( ) ( )]Rf y v y v y a y a
R R

     (A.7) 
0.5422
ow c,1 1 c,2 247.12 1.479( ) 0.0875( 293)y n y n T       (A.8) 
T c,1 1 c,2 20.1456( )y l y l    (A.9) 
The partial derivative of Eq. (A.7) with respect to Rc reads: 
c, T c, c
c c c T c( )
f f a
R R R R
  

     (A.10) 
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where fc,,  and T are given by Eqs. (5.17)–(5.21). In addition, the expressions for the partial 
derivatives of fc, with respect to the molar fractions are: 
c, 1 c, 1 c, ow c
1 0,10.4578
c,1 c T c T cow c,1 1 c,2 2
 0.8019 0.1456 2( )
( )
f n f l f R v a
y R R Ry n y n
   
 
        (A.11) 
c, 2 c, 2 c, ow c
2 0,20.4578
c,2 c T c T cow c,1 1 c,2 2
 0.8019 0.1456 2( )
( )
f n f l f R v a
y R R Ry n y n
   
 
        (A.12) 
 
A.4. Derivatives of the headgroup steric repulsion component fc,hs  
 Substituting Eqs. (5.10), (5.23) and (5.24) into Eq. (5.22), we obtain: 
2 2
c c,1 0,1 c,1 c,2 12 c,2 0,2
c,hs B
c,1 1 c,2 2
( 2 )
ln[1 ]
2( )
R y a y y a y a
f k T
y v y v
      (A.13) 
where a12 is defined by the expression: 
12 0,1 0,1 0,2 0,2
1 ( 2 )
4
a a a a a    (A.14) 
see Eq. (5.25). The partial derivative of fhs with respect to Rc is: 
c,hs hsB
c c c hs
f ak T
R R a a
    (A.15) 
where ac and ahs are given by Eqs. (5.10) and (5.23). The differentiation of Eq. (A.13) with 
respect to yc,1 and yc,2, after some transformations yields:  
c,hs c,1 0,1 c,2 1,2 hs1
B B
c,1 c hs c c c hs
2 2
f y a y a avk T k T
y a a R a a a
      (A.16) 
c,hs c,2 0,2 c,1 1,2 hs2
B B
c,2 c hs c c c hs
2 2
f y a y a avk T k T
y a a R a a a
      (A.17) 
 
A.5. Derivatives of the chain conformation component fc,conf  
 For the cylindrical part of the micelle, pc = 1/2 and cconf = 1/3. Then, Eq. (5.28) 
acquires the form: 
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2 2
c,conf c,1 c,2c
c,1 1 c,2 2 conf2 2
B sg 1 2 2 1
1 1[ ( )( ) ]
16
f y yR y l y l
k T l l l l l
       (A.18) 
where 
2 3/2 2
conf c,1 c,1 c,1
3( ) (1 )
2
b b        (A.19) 
c,1 1
c,1
c,1 1 c,2 2
y v
y v y v
    (A.20) 
and b(c,1) is the solution of the transcendent equation 
2 1/2 2 1/2
c,12
1 1(1 ) ln[ ( 1) ]b b
b b
      (A.21) 
see Eqs. (5.16), (5.31) and (5.32). First, from Eq. (A.18) we get: 
c,conf
c,conf
c c
2f f
R R
   (A.22) 
The partial derivatives with respect to the molar fractions are: 
2 2 2 2
c,conf c conf1 2 1
B conf c,1 c,1 c,22 2
c,1 sg 1 2 1 2 c,1
[1 ( 1) ( ) ( )( 1) ]
16
f R l l lk T y y
y l l l l l y
           (A.23) 
2 2 2 2
c,conf c conf2 1 2
B conf c,1 c,1 c,22 2
c,2 sg 2 1 2 1 c,2
[1 (1 ) ( ) ( )(1 ) ]
16
f R l l lk T y y
y l l l l l y
           (A.24) 
The partial derivatives of the interaction parameter conf, which appear in the right-hand sides 
of Eqs. (A.23) and (A.24), can be calculated as follows. First we calculate the derivative of 
Eq. (A.21) with respect to c,1: 
1/2
2
c,1
1 1 d2 ln[ ( 1) ] 1
d
bb
b b      (A.25) 
Next, the logarithmic term is eliminated between Eqs. (A.21) and (A.25): 
2 1/2
c,1
c,1
2 d[ (1 ) ] 1
d
bb
b
     (A.26) 
Further, we calculate the derivative of Eq. (A.19) with respect to c,1: 
2 1/2 2conf
c,1
c,1 c,1
d d 33 [ (1 ) ] 1
d d 2
bb b b        (A.27) 
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The combination of Eqs. (A.26) and (A.27) leads to the following simpler expression: 
2conf
c,1
d 3 1
d
b    (A.28) 
Finaly, in view of Eqs. (A.20) and (A.28) we obtain: 
c,1 1 2 c,22conf conf
2
c,1 c,1 c,1 c,1 1 c,2 2
d (3 1)
d ( )
v v y
b
y y y v y v
 

       (A.29) 
c,1 1 2 c,12conf conf
2
c,2 c,1 c,2 c,1 1 c,2 2
d (3 1)
d ( )
v v y
b
y y y v y v
 

        (A.30) 
Thus, the derivatives of fc,conf with respect to the molar fractions yc,1 and yc,2 are to be 
calculated from Eqs. (A.23) and (A.24), along with Eqs. (A.29) and (A.30). 
